Introduction {#Sec1}
============

In this paper, we study several variants of the vertex cover problem (VC), from the perspectives of parameterized algorithm design and complexity. In particular, we consider the partial vertex cover problem (PVC), wherein the goal is to cover a certain threshold of edges (as opposed to all of the edges) using the fewest number of vertices. We also look into weighted variants of this problem. Our primary focus is on bipartite graphs. In this case, the problem is called the partial vertex cover problem on bipartite graphs (PVCB). The PVCB problem is an important problem with a number of applications in computer security \[[@CR9]\] and risk assessment \[[@CR6]\]. In the weighted partial vertex cover problem (WPVC), we are given a graph $\documentclass[12pt]{minimal}
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                \begin{document}$$p:E\rightarrow \mathbb {N}$$\end{document}$, and positive integers *R* and *L*. The goal is to check whether there is a subset $\documentclass[12pt]{minimal}
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                \begin{document}$$V'$$\end{document}$ is at least *L*. In this paper we study the fixed-parameter tractability of WPVC in bipartite graphs (WPVCB). By extending the methods of Amini et al. \[[@CR1]\], we show that WPVCB is Fixed-Parameter Tractable (FPT) with respect to *R* if $\documentclass[12pt]{minimal}
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                \begin{document}$$p\equiv 1$$\end{document}$. In particular, WPVCB is **W\[1\]-hard** parameterized by *R*. We complement this negative result by proving that for bounded-degree graphs WPVC is FPT with respect to *R*. Additionally, we show that WPVC is FPT with respect to *L*. Finally, we discuss a variant of PVCB in which the edges covered are constrained to include a large matching and derive a parameterized algorithm for this version of the problem.

The rest of this paper is organized as follows: The problems studied in this paper are formally described in Sect. [2](#Sec2){ref-type="sec"}. In Sect. [3](#Sec3){ref-type="sec"}, we discuss the motivation for our work and mention related approaches in the literature. Our main results are described in Sect. [4](#Sec4){ref-type="sec"}. A variant of the partial vertex cover problem with applications to computational social choice is detailed in Sect. [5](#Sec5){ref-type="sec"}. In Sect. [6](#Sec6){ref-type="sec"}, we examine the parameterized complexity of the WPVCB problem when there is a separate budget for each partition of the vertices. We conclude in Sect. [7](#Sec7){ref-type="sec"}, by summarizing our results and outlining avenues for future research.

Statement of Problems {#Sec2}
=====================

We focus on finite, undirected graphs that have no loops or parallel edges. As usual, the degree of a vertex is the number of edges of the graph that are incident with it. The maximum degree of the graph *G* is just the maximum of all degrees of vertices of *G*. A graph $\documentclass[12pt]{minimal}
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                \begin{document}$$j \in { S}$$\end{document}$. Let *E*(*S*) be the set of edges of *G* that are covered by *S*. The classical vertex cover problem (VC) is defined as finding the smallest set *S* of vertices of the input graph *G*, so that $\documentclass[12pt]{minimal}
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                \begin{document}$$E(S)=E$$\end{document}$. The vertex cover problem is a well-known **NP-complete** problem \[[@CR16]\]. In this paper, we study the following variants of VC: The partial vertex cover problem (PVC) -
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2.The weighted partial vertex cover problem (WPVC) -

Definition 2 {#FPar2}
------------

Given an undirected graph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ G=( V,E)}$$\end{document}$, weight-functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c: { V} \rightarrow { N}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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3.The partial vertex cover problem on bipartite graphs (PVCB) - This is the restriction of the partial vertex cover problem (PVC) to bipartite graphs.4.The weighted partial vertex cover problem on bipartite graphs (WPVCB) - This is the restriction of the weighted partial vertex cover problem (WPVC) to bipartite graphs.5.The 2-budget partial vertex cover problem on bipartite graphs (2-PVCB) -
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Given an undirected bipartite graph $\documentclass[12pt]{minimal}
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6.The partial vertex cover problem with matching constraint (PVCBM) - This is a variant of the PVCB problem, in which we are given a third parameter $\documentclass[12pt]{minimal}
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The principal contributions of this paper are as follows: Fixed-parameter tractability of the WPVCB problem with respect to *R* when vertex weights are identically 1.**W\[1\]-hardness** of the WPVCB problem with respect to *R*.Fixed-parameter tractability of the weighted partial vertex cover problem in bounded degree graphs (not necessarily bipartite) with respect to *R*.**W\[1\]-hardness** of the 2-PVCB problem with respect to $\documentclass[12pt]{minimal}
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Motivation and Related Work {#Sec3}
===========================

When the weight functions *c* and *p* are identically one (i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$c \equiv p \equiv 1$$\end{document}$), we get the well-known partial vertex cover problem (PVC). PVC represents a natural theoretical generalization of VC and is motivated by practical applications. Flow-based risk-assessment models in computational systems, for example, can be viewed as instances of PVC \[[@CR6]\]. In particular PVC has applications to computer security even when restricted to bipartite graphs \[[@CR9]\].

VC is polynomial-time solvable in bipartite graphs. However, the computational complexity of PVC in bipartite graphs has remained open until it was recently shown to be **NP-hard** \[[@CR3], [@CR9], [@CR10], [@CR14]\].

VC has also been extensively studied from the perspective of approximation algorithms. Many 2-approximation algorithms for VC are known \[[@CR31]\]. There is an approximation algorithm for the VC problem which has an approximation factor of $\documentclass[12pt]{minimal}
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                \begin{document}$$(2 - \theta (\frac{1}{\sqrt{\log n}}))$$\end{document}$ \[[@CR15]\]. This is the best known algorithm. The VC problem is also known to be **APX-complete** \[[@CR27]\]. Moreover, it cannot be approximated within a factor of 1.3606 unless $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon >0$$\end{document}$ in \[[@CR18]\]. If the unique games conjecture is true, then VC cannot be approximated within any constant factor smaller than 2 \[[@CR17]\]. In \[[@CR28]\], a $\documentclass[12pt]{minimal}
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All hardness results for the VC problem directly apply to the PVC problem because the PVC problem is an extension of the VC problem. Since the 1990's the PVC problem and the partial-cover variants of similar graph problems have been extensively studied \[[@CR7], [@CR8], [@CR20], [@CR21], [@CR24], [@CR29]\]. In particular, there is an $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n \cdot \log n +m)$$\end{document}$-time 2-approximation algorithm for PVC based on the primal-dual method \[[@CR21]\], as well as a combinatorial 2-approximation algorithm \[[@CR22]\]. Both of these algorithms are for a more general soft-capacitated version of PVC. There are several older 2-approximations resulting from different approaches \[[@CR5], [@CR8], [@CR13], [@CR19]\]. Let us also note that the WPVC problem for trees is studied in \[[@CR23]\], which provides an FPTAS for the problem. Additionally, the paper provides a polynomial time algorithm in the case when the vertices are unweighted.

Another problem with a close relationship to WPVC is the budgeted maximum coverage problem (BMC). In this problem one tries to find a min-cost subset of vertices, such that the profit of covered edges is maximized. It can be shown that both problems are equivalent from the perspective of exact solvability. The BMC problem for sets (not necessarily graphs) admits a $\documentclass[12pt]{minimal}
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                \begin{document}$$(1 - \frac{1}{e})$$\end{document}$-approximation algorithm \[[@CR25]\]. However, special cases that beat this bound are rare. The pipage rounding technique gives a $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{4}{5}$$\end{document}$ for bipartite graphs \[[@CR4]\]. Finally, in \[[@CR9], [@CR10]\], an $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{8}{9}$$\end{document}$-approximation algorithm for the problem is presented when the input graph is bipartite and the vertices are unweighted. The result is based on the linear-programming formulation of the problem, and the constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{8}{9}$$\end{document}$ matches the integrality gap of the linear program used in the formulation. More recently, Vangelis Paschos has described a polynomial time approximation scheme for the edge-weighted maximum coverage problem on bipartite graphs \[[@CR30]\].

In this paper, we address these problems from the perspective of fixed-parameter tractability. Recall that a combinatorial problem $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPi $$\end{document}$ is said to be fixed-parameter tractable with respect to a parameter *k*, if there is an algorithm for solving $\documentclass[12pt]{minimal}
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                \begin{document}$$f(k)\cdot size^{O(1)}$$\end{document}$. Here *f* is a computable function of *k*, and *size* is the length of the input. From the perspective of FPT, PVC is in some sense more difficult than VC. For instance, PVC is **W\[1\]-complete** with respect to *R*, the number of vertices in the cover \[[@CR11]\], while VC is FPT \[[@CR11], [@CR26]\].

In \[[@CR1]\], the decision version of WPVCB is considered. The authors show that this problem is FPT with respect to the vertex budget *R*, when the vertices and edges of the bipartite graph are unweighted \[[@CR1]\]. In this paper, by extending the result of Amini et al. \[[@CR1]\], we show that the decision version of WPVCB is FPT with respect to *R*, if the vertices have cost one, while the edges remain arbitrarily weighted. On the negative side, the problem is **W\[1\]-hard** for arbitrary vertex weights, even when edges have profit one. We complement this negative result by proving that for bounded-degree graphs WPVC is FPT with respect to *R*. The same result holds for WPVC with respect to *L*. We finish the paper by obtaining an FPT result for an extension of PVCB. Terms and concepts that we do not define can be found in \[[@CR11]\].

Main Results {#Sec4}
============

In this section, we present our results. Our goal is to investigate the fixed-parameter tractability of the WPVCB problem.

When *c* and *p* are identically one (i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$c \equiv p \equiv 1$$\end{document}$), we get the PVCB problem. When *c* is identically one, we get EPVCB. Finally, when *p* is identically one, we get the VPVCB problem. We will also use the same scheme of notations when the input graph need not be bipartite. In \[[@CR1]\], PVCB is considered and it is shown that the problem is FPT with respect to *R*. We strengthen this result.

Theorem 1 {#FPar4}
---------

EPVCB is FPT with respect to *R*.

Proof {#FPar5}
-----

Roughly speaking, we obtain the result with the approach of \[[@CR1]\] by considering the weighted degree instead of the usual degree. Below we present the technical details.

Assume that we have an instance *I* of EPVCB. For a vertex *v* of *B*, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta (v)$$\end{document}$ be the set of edges of *B* incident with *v*. Define the set *S* of vertices of *B* as follows:$$\documentclass[12pt]{minimal}
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Our next result shows that WPVCB and VPVCB are **W\[1\]-hard**. Our reduction is from the multi-colored clique problem \[[@CR11]\]. It is formulated as follows:
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Theorem 2 {#FPar6}
---------

WPVCB is **W\[1\]-hard** parameterized by *R*.[1](#Fn1){ref-type="fn"}

Proof {#FPar7}
-----
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In Fig. [1](#Fig1){ref-type="fig"}, a graph *G* and the bipartite graph *B* obtained after the reduction are given. In this example, $\documentclass[12pt]{minimal}
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It remains to show that (*B*, *R*, *L*) is a positive instance of WPVCB if and only if *G* has a multi-colored clique.

*From the multi-colored clique problem to the partial vertex cover problem.* Let $\documentclass[12pt]{minimal}
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Corollary 1 {#FPar8}
-----------

The problem is **W\[1\]-hard** also in the variant where all edge profits are 1, i.e., the VPVCB problem is **W\[1\]-hard** with respect to *R*.

Proof {#FPar9}
-----
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A class of graphs is said to be bounded-degree, if there is a constant *C*, such that all graphs from the class have maximum degrees at most *C*. It turns out that when the input graphs have bounded-degree and need not be bipartite, we have the following result:

Theorem 3 {#FPar10}
---------

WPVC is fixed-parameter tractable with respect to *R* for bounded-degree graphs.

Proof {#FPar11}
-----
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Let us show that if *I* is a yes-instance, then we can construct a feasible set, which intersects $\documentclass[12pt]{minimal}
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Now we complete the proof by recursively guessing on $\documentclass[12pt]{minimal}
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Exercise 5.11 from \[[@CR11]\] implies that PVC is fixed-parameter tractable with respect to *L*. Below, we strengthen the statement of this exercise by showing that the WPVC problem can be parameterized with respect to *L*.

Theorem 4 {#FPar12}
---------

WPVC is fixed-parameter tractable with respect to *L*.

Proof {#FPar13}
-----
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The Matching Problem {#Sec5}
====================

We now consider a variant of PVCB. In this variant, we are given a bipartite graph *G* and three integers $\documentclass[12pt]{minimal}
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Theorem 5 {#FPar14}
---------

PVCBM is fixed-parameter tractable with respect to the parameter $\documentclass[12pt]{minimal}
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Proof {#FPar15}
-----

Let *PVCB*(*A*, *B*) be an FPT algorithm for PVCB that checks whether there is a subset of *A* vertices that covers at least *B* edges of the input bipartite graph. Now, assume that the graph *G* and the parameters $\documentclass[12pt]{minimal}
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Finally, let us observe that the running-time of this algorithm is FPT in $\documentclass[12pt]{minimal}
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The 2-PVCB Problem {#Sec6}
==================

In this section, we consider the problem of finding a partial vertex cover on a bipartite graph when we have a separate budget for each partition. In Theorem [6](#FPar16){ref-type="sec"} we show that this problem is **W\[1\]-hard** with respect to both vertex budgets even when both the vertices and edges are unweighted.

Theorem 6 {#FPar16}
---------
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Proof {#FPar17}
-----

We will show this by a reduction from clique on regular graphs. This problem is known to be **W\[1\]-complete** (Theorem 13.25 of \[[@CR11]\]).
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Conclusion {#Sec7}
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In this paper, we studied the partial vertex cover problem from the perspective of parameterized tractability and **W\[1\]-hardness**. Although our primary focus was on bipartite graphs, we obtained new results for the general case as well. Our main contributions include showing that a restricted version of the WPVCB problem is fixed-parameter tractable and that this problem is **W\[1\]-hard**, with respect to the vertex-weight parameter. We also showed that the WPVC problem is fixed-parameter tractable in bounded degree graphs. Finally, we introduced a new variant of the partial vertex cover problem called PVCBM and showed that it is fixed-parameter tractable.
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